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When informationon some auxiliary character (x)i is available
or can be collected cheaply for all unfits o^a populau^, various
procedures, using such information are available for estiniating the
mean/total of the character under study (y). Ratio^'method of
estimation is useful vyhen the auxiliary characterj3^,hi|hly positively
correlated with the character I 'nder study and its mean is not equal

' y
to or near to zero. Two familiar ratio esti;tnators arew and

^X)l

r„ x„, where yn and x„ are the sample/foeans of y and x respectively ;
n

r„=—V — and m is the population mean of x. Both these
It Xi

t

estimators are biased. Hartley and Ross [2] obtained almost unbiased

ratio estimators of y^, the population mean of y, from a simple

random sample (s.r.s.) drawn with replacement. Garg and Pillai [1]
derived the variance of unbiased one auxiliary variate ratio, estimator

for two stage design using the technique of symmetric mean's?--^

In this paper variances of unbiased two-auxiliary variate

and X2) ratio estimators of yN have been derived in a two stage

design using the technique of symmetric means developed ^"by
Tukey [5] and extended by Robson [4] and Garg and Pillai [1] where

(0 population means of xi and X2 are known, and (ii) the population

means of and X2 are not known (double sampling).
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The technique of symmetric means and multiplication formula
for the product of two symmetric means is as follows. The poly

nomial

1 \n /''II ^21 "ml)
{n)r

J\¥'h-¥=-¥=)T

/ fliT "Zr.... I •• • ^mjr j

in the mn variates j=l, 2 7J is the multi-

variate symmetric mean and is devoted by

<W,)>=(<)(<) (<)
where , ô* îs vector (an, a^t Uni)

N

Let .<w>-<|^) (.j)(.f )>
and (i«)>
be the two sympietric means.
Let (a«+i), ••• (a<r),

V -j" (6^«+i)...(M]
be obtained by pairing a^d a^dding f elfiments of with t elements of

Ps and let Jft (^r> M—Pt ("o Ps) bVthe' collection of all /! (^ ^ ^̂
possible sets p< (a,, Ps). Then the product of two symmetric means

is giyen by

£ A')

<("r)><(P3)> ^ (7z)7+s_(^ (Kr Ps)>j
' f=0 Rf

It can be seen that if these mn variates represent a simple random
sample of n observations from an m-dimensional finite population of

size N, the expected value of <(a,)> taken over ^^ possible
samples is the corresponding symmetric mean of the population.

Conversly, if a population parameter is written as a linear combina

tion of symmetric means, then an unbiased estimator of a population
symmetric mean is simply obtained by replacing each symmetric

mean by the corresponding sample mean.
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/; Two variate ratio type estimator when the population means of the
auxiliary characters are known :

Let yij and Xij be the observations on y and x respectively for
the 7-th second stage unit (s.s.u.) in the /-th primary sampling unit
(p.s.u.) and xtj be the corresponding value for x. Let N be the
number of p.s.u's. in the population and M that of the s.s.u's, in each
p.s.u. A simple random sample of « p.s.u's. is drawn first and from
each of these n p.s.u's. in turn, a sample of m s.s.u's. is drawn by
s.r.s. Using this sampling schcme the expression for unbiased two
variate ratio estimator is derived following Tukey's notations. In
the present study Two auxiliary characters viz., xi and X2 have been
considered. Thus there is a five-dimensional population given by,

{yu xu, Xzi, nu rzi), i=l,2, .... N

where and
Xu X2i

Notations :

Let

7'AfM=<10000>' be the mean per element of j in the popula
tion

--YiArA/ = <01000>" be the mean per element of x, m the
population

n/VM= <00000>" be the mean of ratio of y to Xi in the
population

n

^nm=—2 <10000>< be the mean per element of y in the,
I

sample

n

ximn= —2 <OlOOO>j. be the mean per element of xi in the
i

sample

n

n«m=—<00010>i be the mean of ratio of y to xi in tfce
I

sample
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r<=< 10000>|. be the mean of y in /-th primary unit

&<ni=<10000><.be the sample mean of y for i-th p.s.u.

xum— <01000>« be the sample mean of xi for i-th p.s.u.

njm=<00010>< be the mean of the ratio of y to Xj in the
sample drawn from /-th p.s.u.

Similarly notations for auxiliary character can be defined.

The expression for qovariance berween the estimators Ti and Tz,
based on a:i and xz respectively Garg and Pillai [1] derived using the
technique -of symmetric means is given below,

Cov (7-1, Tz)=E (Ti, T2)-flM

where T^—rj^nmxrnM

M—m
-4- 1-

1

tiN

NM{m-\)

M—m

n{N-\) -
Vnm rmm Xknm

N-n

n—\
^ /-fcim *;;(«. /C=l, 2 ...(])
i

Cov (Ti, Tz)

= -^ [ nnm 1+
M—m

NM (m~l) Unm

11 (JV-1) - _

1 M—m

- riN I M {m

M—m

XZNMm ] X [ r2nm i

Vnm

^ nim X2in,]-rl

+ 1 •NM (m-1) :
n(N-l) - _

1 M—m

nN M(m-\) n—\ NM



TWO-VARIATE RATIO TYPE ESTIMATORS IN DOUBLE SAMPLING 15

The expression for Cov {T^, Tz) for^large N and M is given by
Cov (71,7-2)

=-£' Q-lnm ^1/VM Tinm K2Nm)-\-E l\nm XZNm)

' Eijynm X\nm rznm X2Nm)

n

+ ^[n~\)
i

+-^ (/"inm XiNM Tlnm) +̂ ( vlm _) j (̂rinm Vnm Xlnnd
n

n(«-l) ^ S'•!"» )
i

^ T^nrnX^nrri)
n-\

jj I -^ (?/«?» r2«m 1)2^ ^Inm''2nm ®2nm)
//

~ '̂•2»m ^2nm ^ '"I'm j
/•

"

+̂ 1) (̂ '•inm rum X^irn^
i

n

fl (72 —1) ^ ^
/

^ '̂"1""' ^Inm ^ r2<m »2im j
I

^ i n
fl2 {tj—if -^ ( 2 '"I'm ^ ~^NM •••(2)

/ I

These expectations have been solved with the help of symmetric
means, as an illustration.

n n

Eiynm r2„mX2NM)=E ^ <10000>t-^ ^ <00001

/

tt

/
i

<00100>"
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now applying the multiplication rule of symmetric rrieans and
simplifying we get.

. N ,

i

N .

^ 2 «10000) <;ooooi)>;
I

N

E (ynm fZnm —
_ nm

+
nm

n-1

nN{N-l)

N

N

<ioooo>; 2] <00001 >;

- <ioooo>; <ooooi>; <00100>"

Simplifying for large N and M we have,

E (ynm nnm X2Nm) = ^ < 10001 ^
nm mn

<(10000) (00001>)'

n-1
<10000>" <00001 >" <00100>'

Similarly other vdues of the expectations can be obtained. Substitu
tingvalues of these expectations in equation (2), and reducing the
symmetric means to the standard form we get,

Cov (Ti, Ti)—V (ynm)+ riNM T^nm Cov (xinn» X2nm)

—fiNM Cov {ynmi ^l«m) CoV (tfnm} X2nm)
n

+
n-l

•Cov (^l»m, Cov (X2nm! ''inm)

+ Cov (ri«m, tinm ...(3)

The general expression for the covariance between Tt and Tj
estimators for k auxiliary variates can be obtained by replacing
suffix 1 by i and 2 by7 in equation (3) and is given by

Cov {Ti, Tj)=V{j= V (ynm)+ "riNMy-TiNM Cov (:«i MTTis
' 'l"iNM Cov ^<nm) fiNM CoV (l/nm, Xjn-n^

H ^ [Cov {Xjnmi Xi„m) Cov (rinmt ijjm)
> 1

+ C0V (S<„m F^„m) Cov (S<«„,



TWO-VARIATE RATIO TYPB ESTIMATORS IN DOUBLE SAMPLING 17

Unbiased ratio estimator for two auxiliary characters is as follows :
• 2

Tm.r= 2] WicT,,
k=\

2

where are the weights such that ^ and Tfc is given by eq. (1).
fc=l

This unbiased two-variate ratio estimator can be put in the
form of a matrix Tm.r= W .

where

and

W=[{wi, vva)]

fTi
Tr^

L JaJ

if Vis defined as variance-covariance matrix then,

V (Ti) Cov (7-1, Tz)

.Co\(Ti,T.~) F(72) J
where V(T^) - V V(x.nm)-27,um Cov

+ {x^nj

/c=l, 2.

and Cov (Ti, Tz) is given by eq. (3)

V{n)ID -Cov (T„T2)ID

I -Cov (Ti,n)ID V(Ti)ID

D=V(Ti)V(T2))=Cov'{TuT2) .

V(m-Cov (7i, Tz)

Now F-i=

where

Then

and

^1=

W2-

Bi

ym)-cov (TuTs)
D^

=V

and Viiin {T3jr)=1IDi

where Di is the sum of all the elements in the matrixF-i.

11. Ratio-type 'estimators when the population means of auxiliary
characters are not known.

Sometimes the population mean Xn is not known. In such
cases xn is first estimated from a large preliminary sample of«'
p.s.u's. from each of which m' p.s.u's. are drawn. A sub sample of
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size n p.s.u's. is drawn from n' p.s.u's. and is each of these p.s.u's. m
s;s.u's are drawn from vi s.s.u's. to observe y.

n'

1 n *
Let,

be the mean per element for xi in the prehminary sample,

and S„„' = <01000>*

be the mean per element for jci for the sample drawn from f-tfi p.s.u.
in the preliminary sample. Similarly and can be defined.

Gargand Pillai [1] derived the expression for variance of the
unbiased ratio estimate for one auxiliary character and information
on the same is collected through double sampling. Here the case of
two auxiliary characters has been considered and the expression for

covariance between T[ and , the estimates based on xi and *2

has been derived.

where

and

Now

E

Tl = ^1+ _1) )y""
n (n'-l) 7 =

_ AJ y h...i-i. 2 -(5)
i

I

V (Tj )= V (ynm)+ ''hNM ~'"mJW

—2 rjsNM Cov {ynm, *snm)4-2/-siVM Cov {^nm,

Cov(r^r^)=£(r^

n • • ^

1 f m'—m n'-n ^ 7 - ly
— y-7 TT ^ I 7 . rUm Xn—lju J

rZnm ^2n'm'

, , m'—m \ n(n'—l) -- -
+V n'm' im-1) ) n'(n-l)

n

1 ( m'—m n'—V VI ~ '
r"l —n TT V ) 71 ' ^2<mnn \ m' (m—I) «—1 y J
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Cov ' ^2 ^ ^i^lnm finm ^2n'i»')
, / , , m'—m \ ™ - - V+^1+ J '"2""' ^2n'm')

n{n'—l) - _ - - ' ^ [ m'—m n'—n \
n' («-l) ^ ™ nn' [m'im-lj ITT }

\ n

XE T̂inm X^n'm' ^^iim ?/"(«—T) (̂'"I"'" ^Ifi'm' '•2nm *2nm
i

n' («-1) ( «'m' im-l) ) ^ +( ^^-1) )
17 f~ - ' - \i 1/ m'—m n'—n\X £ (r,„,„ r2„„ A.2„„,)+

" Qz' —1) ^ j,( - - VI- r, Aj./" 1 1 m'—m \
n' (n-1) ^ L '•i'™ J+^ ^+«'w'(«2-l) j

E (rinm ^In'm' !/nm)

4-1 11 m'-m \2„( 2 \_n(n'-l)\( m'-m \
n'm' (m-l) J ^ V. ) »' («_l) jV^ n'm' {m-l)}

E{rinm Xinm Vrim)

1 / m'—m _ n'~n \ / , m'—m \
m' Vm' (m—1) n—1 j V n'm' (m-l) )

n

£^^ ''Km Xiim Vnit^
I

I ( m'—m n'—n \ ~ _ , rV"" -nn' \m' {m-1) «-1 J V ^ .
1 ( m'—m) n'—n W , , m'-m \

nn' Vm' {m- 1) n-1 J V '̂ n'm' (m-l) )
n

Ê 2/nm "f2im X2im ^
-il

1)

1 / m' —m n'—n N n jn' —
nn' \ m' {m—n) n—\ ) n' {n —

t'lnm >(lnm f2im *2<tn^
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All tn'-m n'-n
(m-1) n-\ ).

n n

riim Xlim '•2im X2im ^
i i

Simplifying these expectations with the help of symmetric
means for large N and M and retaining the terms of order 1/nm and
and only and reducing the symmetric means to standard form
we get,

cov( r; )
—V + r2NM COV (Slnm, S2„m)

—riNil rWM CoV (Sln'm'j X2n'm') —flNM CoV {^nm> ^Inm)

—rzNM CoV {ynvi, X2nm) + riN3I CoV («/„„,
/n\

-rNM Cov iy ^2n m)

The general expression for covariance based on p auxiliary
characters in double sampling can be written by replacing the suflBx
1 by i and 2 by j in eq. (7) and is given by,

cov( r; ,r; )
=Viynm)-\-l'iNM'X rjNM CoV (Xinm', Xj„m)

—riNM rjNM CoV {Xin'm', Xjn'm') —CoV

, —rjNM Cov {ynm, Xj iim Cov {ynmt ^in'm)

—rjNM Cov {ynm) Xjn'm') ^

As in section 1 the multivariate unbiased ratio estimator based
on two auxiliary characters in double sampling has also been consi
dered viz..

^'mrd'
fc=l

2

where w'„ are the weights such that ^ w'̂ =1.
k=\

Here, =RilD' where Ri is the total of all the elements in the

/-th row of the inverse of A, the variance-covariance matrix of the
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estimates ^ (/c=i, 2) given by eq. (5) and D' (=S /?,) is the sum of

all elements of ^-1 and the minimum variance F f T
_ V mrd)This can be generalised for k auxiliary variates.

Results and Discusison

The results obtained above have been illustrated with the help
of data from 1961 population census of PanchMohal, Baroda, Broach
and Surat di^^trict in Gujarat State. Taluks were taken as psu's and
villages within taluks as ssu's. The village wise number of agricul-
tural workers was taken as^j. and the corresponding number of
households and total population as and :C2 respectively.

The relative efficiency of the various biased and unbiased ratio
estimators based on x: and compared to when their population
means are known is given in table 1.

TABLE 1

Estimator
Relative efficiency

1. Simple estimate

2. (a) Ratio estimate based on xy

3. (6) Ratio estimate based on

4. (a) Unbiased ratio estimate (Ti) ^ '
124.0

(b) Unbiased ratio estimate (7',)

100.0

123.6

127.7
(c) Unbiased two variate ratio estimate ) 133 3

In table 2the efficiencies of the estimators t; and t; relative to

those of and j.^^respectively and of relative to those of
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fai or have been given for the case when population means of
XI and xz are not known.

TABLE 2

Relative efiBciency of various estimators

Type of estimators
Relative efficiency

""""xlOO
(n)

xlOO '''•"
(n )

xlOO

^( ^mrd)

y(yS2> 127.3

^( "^mrd)

It is observed that the relative efiaciency of T[ andTg is
higher as compared to corresponding biased ratio seatimators. It may
be further noted that the relative efficiency of is higher than
that of ratio/unbiased ratio estimators based oa either auxiliary
characters.

Summary

Using the expression for covariance between unbiased ratio
estimators using xi and x,, (auxiliary characters) derived m the case
of two stage designs, expressions for variances of unbiased two
auxiliary variate ratio estimators of yyv have been derived in a two
stage design when (/) the population means of xi and xa are known
and (ii) population means of and are not known (double
sampling), using the technique of symmetric means for large values
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of N and M. The results obtained are illustrated with the help of
1961 population census data on number of agricultural workers for
four districts of Gujarat State (India). It was found that the unbiased
two auxiliary variate ratio estimator was the most efficient among the
estimators considered in both the cases.
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