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When information on some auxiliary character (3&)7 is available
or can be collected cheaply for all units of/.a-.populall‘h

procedures, using such information are available for esti}nating the
mean/total of the character under study (y). Ratig-fmethod of
estimation is useful when the auxmary character jis-hi hly positively

1, various

correlated with the character L%nder study and }ts mean is not equal

to or near to zero, Two fanluhe_x_r ratio estimators are% Zy and
et Xn

- = = | o .
¥n %, Where §» and %, are the sample-means of y and x respectively ;
n

?,,=—1— Y and Zv is the population mean of x. Both these

n X
t

estimators are biased. Hartley and Ross [2] obtained almost unbiased
ratio estimators of §y, the population mean of y, from a simple
random sample (s.r.s.) drawn with replacement. Garg and Pillai [1]
derived the variance of unbiased one auxiliary variate ratio. es’umator
for two stage design using the techmque of symmetric meanS\

In this paper variances of unbiased two-auxiliary varla}e
(x, and x2) ratio estimators of §n have been derived in a two stage
design using the technique of symmetric means developed by
Tukey [5] and extended by Robson [4] and Garg and Pillai [1] where
(i) population means of x, and xg are known, and (ii) the population
means of x1 and xz are not known (double sampling).
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The technique of symmetric means and multiplication formula
for the product of two symmetric means is as follows. The poly-
nomial

1 an _ax; am1!
D C O
NFfeFE e Fo)r

ayy azy amr\

Xy Xy ... Xmsr )
. 7T T

in the mn variates x;i=1,2,....,m;j=1,2...... , n is the multi-

variate symmetric mean and is devoted by

<(dr)>=( af) (_a;‘) ------ ( a:)

where \ ( ay ) is vector (as, @24,......0ms)

Let h/j/<(ocr)\>=< ("a: ) (a;) (af)>

/
14

an_d_ ‘\ <(Bé)l> <(b*)“( ) ------ (b:)>

be the two sym._metrlc means, ‘5':3

: Let Pt{ ﬂs) --[(ail+b11) \au+bzt) (@ie+1), --- (@),
a’- - (bse+1)...(Bss)]

.k _
be obtained by pairing and addmg t elc ments of a, with ¢ elements of

Bs and let Ry (a,, Bs)=p; (a;, Bs) bt,\the collectlon of all ¢! (; ) X ( “:)

possible gets p¢ (ar, Bs). Then the product of two symmetric means
is given by

1 i ‘ ‘
<(ar)> <(ﬁs)>=m t§ (n)r-f-s'_tE <pg (06, Bs)>, r<s .

R,

It can be seen that if these mn variates represent a simple random
sample of n observations from an m-dimensional finite population of
size N, the expected value of <({a,)> taken over (1’\: ) possible
samples is the corresponding symmetric mean of the population.
Conversly, if a population p’arémcter is written as a linear combina-
tion of symmetric means, then an unbiased estimator of a population
symmetric mean is simply obtained by replacmg each symmetric
mean by the correspondmg sample mean,
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1. Two variate ratio type estimator when the population means of the
auxiliary characters are known :

Let y:; and x4 be the observations on y and x respectively for
the j-th second stage unit (s.s.u.) in the i-th primary sampling unit
(p.s.u.) and x4 be the corresponding value for x. Let N be the
number of p.s.u’s. in the population and M that of the s.s.u’s, in each
p.s.u. A simple random sample of # p.s.u’s. is drawn first and from
each of these nm p.s.u’s. in turn, a sample of m s.s.u’s. is drawn by
s.r.s. Using this sampling scheme the expression for unbiased two
variate ratio estimator is derived following Tukey’s notations. In
the present study Two auxiliary characters viz., x; and x2 have been
considered. Thus there is a five-dimensional population given by,

(4 X145 X24, P14, F2i), i=1,2,.... N

where re=2t  and  re=2L
X1 Xa¢
Notations :
Let.

¥nm=<10000>" be the mean per element of y in the popula- -
tion

Xivm=<01000>" be the mean per element of x, in the
population .

rivm=<00000>" be the mean of ratio of y to x1 in the
population

n

ynm=le'E <10000>; be the mean per element of y» in.. the .
i -
sample

n
1
Flmn= > Z <01000>; be the mean per element of x; in the
i .
sample
n
- 1 v . : .
rlnm=72 <00010>; be the mean of ratio of y to x; in the
i
sample
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¥,=<10000> be the mean of y in i-th primary unit

‘ Jm= <10000>, be the sample mean of y for i-th p.s.u.
T ¥1im=<<01000>: be the sample mean of x; for i-th p.s.u.
i

F1im=<<00010>, be the mean of the ratio of y to x, in the
sample drawn from i-th p.s.u.

The expression for covariance berween the estimators T1 and T2,
based on x1 and xp respectively Garg and Pillai [1] derived nsing the
technique -of symmetric means is given below,

Cov (T1, T2)=E (Ty, T2)—

where Ti= r'tum TrNM
+§1+ M—m g_m n(N—-1) .

‘m rmzm Trnmi

. Similarly notations for auxiliary character x, can be defined.
i
1 NM (in—1)

n
1 M—m N— - - _
—'W M(m_l) - n—ln } 2 Frim Xiim k=1, 2 .(])
i :

Cov (T1, T2)

=E[ Fing Z1vm+ { 14 M--m } 7]

NM (m—1)

__n (.N—-l) ';
N (n—1) *m Finm

n
1 M—m N—n - -
N 1M (m—1) - n—1 % 2 Fiim Fym] X [ ronm Fonm

i

M—m ).  a(N—1) -
+§1+ NM (m —1)} "N (1—=1) ranm Xenm

n

1§ M—m__N-119~ . ., m
nN % M@m-1) n—1 } 2 ELE T i

i
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The expression for Cov (T}, T3) forlarge N and M is given by
Cov (T1, T2) _
» =E (r1um #18M Feum Zotist) +E @om Finm Fonm)

n
n—1

E(;.lmn X1nm ;‘2nm '552NM)

n

1 - o=
+m E( 2 Viym ¥1tm Fonm xZNM)

i

-

+E (rlﬂm XINM "/nm)'*‘E ( nm )_# E G’lnm Tnm Finm)

: n :
1 = -
+mE (?/nm 2 Flim ¥l4m )
o
_n
n—1

E (r—m,,. ?C;NM Fonm F2nm)

n— E (Fnm ’ 2nm x2nm)+( ) E (rlﬂm Xlnm rznm Fonm)

n

1 - -
——m E( Fonm ¥2nm 2 Flim ¥1im )
i
n
1 -, -
. + ;m E ( Flam X 1&8M 2 raim xzim)
; ,
n .

1 -
—W;l—) ( Yom E ')'Zim 24m )

i

1
—W E( Flnm ®lnm 2 F2im X2im )

) . n n
1 S - -
+ n (n—1y E( Z‘ Flim Tlim ), F2im xz;m) -T,%M - (2)
i i

These expectations have been solved with the help of symmetric
means, as an illustration.

. n n
I 1 1
E (om Taam Fenm)=E (-71 Z‘ <10000>; — }' <00001 >,)
: i i
<00100>"
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now applying the niultip‘lication riule of symmetric means and .
simplifying we get.
N

o= ri1 1 ‘ )
E (§um r20m szM)=[m Tlv 2 <10001> .

N .
o -l LY <(10000) (00001)>/
i
R N N
+Wn(1_vl——1){ 2 <10000>; 2 <00001>; . -
R i
") ) N -

~ Y, <10000>; <00001> ﬂ <00100>"
i :

Simplifying for large N and M we have,

P X 1 ” —1-

E (§um ronm xZNM)':"I:W <10001> +% N
<(10000) (00001>)"

n—1 ‘

+ <10000>" <00001 >”:] <00100>"

Similarly other values of the expectations can be obtained. Substitu-
ting values of these expectations in equation (2), and reducing the
symmetric means to the standard form we get,

Cov (Ty, T2)=V (nm)+ rivm revy CoV (Rinm, Xonm)

—I'1NM COV (ynm, xl’lbm) erﬂI COV (ynm, x2nm)

+

——1 Cov G1nms F2nm) COV (Fanm, Finm)

+"’jl"'1_“_‘1— Cov (J_Cmmr J—C-an) Cov (';l'ﬂlm) ;'an (3)
The general expression ‘for the covariance between T; and T
estimators for k auxiliary variates can be obtained by replacing
suffix 1 by 7 and 2 by j in equation (3) and is given by
Cov (T i T)=Vi=V (fnm)+ FinsrXTvar CoV (X1nm, Fnm)
—ruvyr Cov (ymm Xinm)— "jNM COV (ymm xanm)

+

\ = 1

[Cov (Xjnms Finm) CO,V (ri'nm,_jn'm)

£ COV (Fanm Fram) COV Fetns Tam)]
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Unbiased ratio estimator for two auxiliary characters is as follows :

2
TM.R‘= 2 Wi ]Tk
k=1 ’
2 ‘
where wy, are the weights such that 2 wr=1and T is given by eq. (1).
k=1

This unbiased two-variate ratio estimator can be put in the
form of a matrix Tyr.r=W T,

where . W=[{w1, w,)]
VR
and T, 7=[
T
if V is defined as variance-covariance matrix then,
[ V (T1) Cov (T1, T») ]
Cov (T1, T) vy 4

whcre | 4 (Tk) =V (?]nm)-{- ?21;NAI Vv (xknm)_'zi_'kNM Cov (ymm x]cnm)

+ 5 HCOV Ganm, Tanm)}2+Var (Bunm) ¥(rina)]

k=1, 2
and Cov (71, T2) is given by eq. (3) _
V(Tz)/D —Cov (Tl, Tz)/D
Now V—1=[ :
\ —Cov (I, T2)/D  V(T)|D
where D=V (T1) V (T2))=CoV* (T1, Ts) .
Then Wi= V (T3)—Cov (Th T»)
_ Dy .
wd e LELI=CoV (DT

and Vigin (Tur)=1/D;
where D is‘the sum of all the elements in the matrixV-1.

II. Ratio-type "estimators when the populatton means of auxiliary
characters are not known.

Sometimes the population mean Xy is not known. In such
cases Xy is first estimated from a large preliminary sample of #’
p.s.w’s. from each of which m’ p.s.u’s. are drawn. A sub sample of
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size n p.s.u’s. is drawn from »’ p.s.u’s. and is each of these p.s.u’s. m
s;s.w’s are drawn from m’ s.s.u’s. to observe y.

nl

Let, : :‘cm’m'=%2 <01000>*

N i
be the mean per element for X in the preliminary sample.
and ppm' = <01000>*

be the mean per element for x: for the sample drawn from i-th p.s.u.
in the prehmlnary sample. Similarly X,,/,’ and Xy, can be defined.

Garg and Pillai [1] derived the expression for variance of the
unbiased ratio estimate for one auxiliary character and information
on the same is collected through double sampling. Here the case of
two auxiliary characters has been considered and the expression for

covariance between Ti and 7, , the estimates based on x1 and x2

has been derived. .
where T = 'knm x;m m + ( ].'Jr‘#(Trn__—l—)“) ’_l_[‘nm .

n(n—l) = %
n (n—-l) kBm ‘inm

n

1 ( m'—m _n—n - o .
— s \ m (m—1) n— 1_) E Frim Xkim k—-l, 2 .05
. - i

and  V(T)=V @um)+ oy Var (Finm)—Tayas Var o'’

— 2 v CoV (Fnm, Fxnm)+2rzvsr COV (Fnms Xin'm') ...(6)

Now  Cov (Tl’,T’ )=E(T’ xT’) 7
) — n(n'—1) o
n’'m' (m—l) n (n— l) 1nm ¥lnm

n
1 m-m _n-n) ] [
nnl \ ml (m_l) n__l ) 2 Flim xlim 2nm x21| m

4

= E.[r'mm Tt 4 ( 4 =m

' m'—m . nn —-1) —
+( 1+ n'm’ (m—1) ) T w (n— "2nm x2""‘
n

1 ( m'—m _ n'—n - ]

— Foim X
o' \m’ (m—1) n—1 Zém *2tm
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Cov ( Tll s TZI )=E (rlnm P2nm Xin'm' xzn'm')

m—m o=
(1 gy ) £ G o )
n(n n@=0 -~ _ -, 1 ( m-—m _n—n
Py (n l) E(rlnm Xiaml2g m' X2n m) nn’(m’@m—l) _1 )

\ n
n{n —
XE ( Fonm X2, ;m E Fiem xlim) _ l) E (I‘lnm Xln m rZ"m Xanm

i

_nrn( 5) (zo=ny
W -\ T m (m 1)) E @an ravm Famm) n (n—1)
x E (l’mm X1nm r2nm Xan)+ ! (n,l’n(Tn/ll) ;:lj;z )—‘

. n .

n (n nm~1) —- - = _m=m __

Py (n ) X E( ronm WanE Flem Xlim )+( 1+ nm' (m— 1) )
; _ .

E (l'lnm J_Cln’ml gnm)

{ m'—m 2 2 \_ n@—1) m'—m
H 1+t o ) 2 (1 )= (o)
: E(;'lnm Elnm gnzn)

1 ( w'—m  _ w'—n ) 1+ m'—m
' \ m' (m—1) n—1 " n'm’ (m—1)

‘n

E( 2 r_lim i‘;lm ynm)

i

n

L fm—m n'—n El rin 50 'S T %
nn' \m' (m—1) n—1 T Hm F2m

7

_1_( m'—m)  #w'—n )( 1+ m—m ) ‘
m' \ m' (m-1) n—1 n'm' (m—1)

° n

E ( gnm 72im *24m )
Gy . '

i

n 1 ( m-m  n—n ) n{n'—1)
m' \ m' (m—n) n—1 n(mn-1)
n —

E( Flnm ¥lam E ¥2¢m E2lm)

1

v
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1 m—m nw—n\)?
+{7ﬁ’—(m’ m—10) n—1 )}
n ' n

— - 2
E( . rl.im X1im z F2¢m X24(m ) —yNM

1 i

Simplifying these expectations with the help of symmetric
means for large N and M and retaining the terms of order 1/nm and
‘and 1/n'm’ only and reducing the symmetric means to standard form
we get,

Cov( T LT, )

=V (Fum)+rinn rawns COV (Finme Foum)

— 711wz rasar COV (Fig'm's Fan'm’)—anar COV (Fams Fram)

—l—'ZNM Cov (Fam, EZmn)'l'—;lNﬂl Cov (Fnm, Fin'm') .

—rwar COV (Fams Fan'm’) : A7)
"The general expression for covariance based on p auxiliary

characters in double sampling can be written by replacing the suffix
1 by i and 2 by j in eq. (7) and is given by,

1] 14
Cov( T, ,T, )
=V(y11m)+l‘1-NMX rivag Cov ('v’?imn; E:imn)
T = N L - -
—HNM VINM Cov (%in'm’s Xin'm )’—"iNM Cov (y'nm, xmm)
. —rwvu Cov (Faum, -’zdﬂ_m)"*'riNM CoV (Fnm, Zin'm')
—rivy Cov (T, Fin'm") .
As in section 1 the multivariate unbiased ratio estimator based
on two auxiliary characters in double sampling has also been consi-

dered viz., B
' . n
Tl’VIRD = z wllc T;c
k=1
2
where w), are the weights such that 2 w, =L
k=1

‘Here, Wy, =R;/D' where R; is the total of all the elements in the

i~th row of the inverse of A, the variance-covariance matrix of the
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estimates T}, (k=1, 2) given by eq. (5) and D’ (=3 Ry) is the sum of
all elements of 4~1 and the minimum variance V ( TJ’WR.D)=1/D’
This can be generalised. for & auxiliary variates.

REsuLTs anD Discusison

The results obtained above have been illustrated with the help
of data from 1961 population census of PanchMohal, Baroha, Broach
and Surat district in Gujarat State. Taluks were taken as psu’s and
villages within taluks as ssu’s. The village wise number of agricul-
tural workers was taken as J and the corresponding number of
households and total population as x; and xz'respective]y.

The relative efficiency of the various biased and unbiased ratio
estimators based on x; and X2 compared to ¥,;, when their population
means are known is given_ in table 1,

TABLE 1
Estimator Relative efficiency
1. Simple estimate () 100.0
.
2. (@) Ratio estimate based on ¥ (p 1) 1236
. . ~ 127.5°
3. (6) Ratio estimate based on x, (¥ R,)
' 2
4. (@) Unbiased ratio estimate (Tp 124,0
(&) ‘Unbiased ratio estimate (Ty) ' 127.7
(c) Unbiased two variate ratio estimate (TMR) 1333

It may be noted that the relative efficiency of Tur ishigher than

that of ratio/unbiased ratio. estimators based on either of ‘the auxiliary
character, ,

In table 2 the efficiencies of the estimators 7; and T, relative to

those of ;Rl and yp,tespectively and of T Mrp relative to those of
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A ~ - X
yru or yrz have been given for the case when population means of
x1 and xg are not known.

TABLE 2

Relative efficiency of various estimators

Type of estimators . : Relative efficiency

VO :

g ST 1272
() |

V(; )
_RY 100 : 122.4
v ( T )

V Opp)

R 100 1330

4 ( TMRD)

V (o)

_ TRZ 100 127.3
4 ( TrMRrD

It is observed that the relative efficiency of T and T, is
\
higher as compared to corresponding biased ratio seatimators. It may

be further noted that the relative efficiency of T;mw' is higher than .

that of ratiojunbiased ratio estimators based on either auxiliary
characters. -

SUMMARY

Using the expression for covariance between unbiased ratio
estimators using x1 and X, (auxiliary characters) derived in the case
of two stage designs, expressions for variances of unbiased two-
auxiliary variate ratio estimators of v have been derived in a two
stage design when (i) the population means of x1 and xg are known,
and (i) population means of x1 and x2 are not known (double
sampling), using the technique of symmetric means for large values
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of Nand M. The results obtained are illustrated with the help of
1961 population census data on number of agricultural workers for

four districts of Gujarat State (India). It was found that the unbiased
two auxiliary variate ratio estimator was the most efficient among the
estimators considered in both the cases.
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